Abstract Flow of generalized Newtonian fluids in porous media can be modeled as a bundle of capillary tubes or a pore-scale network. In general, both approaches rely on the solution of Hagen-Poiseuille equation using power law to estimate the variations in the fluid viscosity due to the applied shear rate. Despite the effectiveness and simplicity, power law tends to provide unrealistic values for the effective viscosity especially in the limits of zero and infinite shear rates. Here, instead of using power law, Carreau model (bubbles, drops, and particles in non-Newtonian fluids. Taylor & Francis Group, New York, 2007) is used to determine the effective viscosity as a function of the shear strain rate. Carreau model can predict accurately the variation in the viscosity at all shear rates and provide more accurate solution for the flow physics in a single pore. Using the results for a single pore, normalized Fanning friction coefficient has been calculated and plotted as a function of the newly defined Reynolds number based on pressure gradient. For laminar flow, the variation in the friction coefficient with Reynolds number has been plotted and scaled. It is observed that generalized Newtonian fluid flows show Newtonian nature up to a certain Reynolds number. At high Reynolds number, deviation from the Newtonian behavior is observed. The main contribution of this paper is to present a closed-form solution for the flow in a single pore using Carreau model, which allows for fast evaluation of the relationship between flux and pressure gradient in an arbitrary pore diameter. In this way, we believe that our development will open the perspectives for using Carreau models in pore-network simulations at low computational costs to obtain more accurate prediction for generalized Newtonian fluid flows in porous media.
Introduction
Non-Newtonian flow in porous media is important for many applications, such as heavy oil recovery, enhanced oil recovery, many classes of liquid polymer moulding, and certain hygienic materials. In non-Newtonian flows, shear stress is nonlinearly related to the shear strain rate. In other words, apparent viscosity of the flow is a function of the shear rate. Non-Newtonian fluids are classified into three main categories:
• Time-independent or generalized Newtonian fluids • Time-dependent fluids • Viscoelastic fluids
In this paper, we are interested in modeling laminar flow of generalized Newtonian fluid in porous media. Pore-scale simulations, similar to the case of Newtonian flow in porous media, from one side allow to gain understanding about the flow details, and from another side allow to compute macroscopic characteristics, such as permeability. Pore-scale flow of generalized Newtonian fluids in porous media can be simulated by direct numerical simulation on 3D CT images, or by simulations on simplified geometries, such as pore network or bundle of tubes (Sochi 2010) . 3D simulation on CT images is a challenging task due to the complexity of the pore architecture and, in the case of upscaling, due to the fact that often large volumes need to be considered in order to meet the requirement for a representative elementary volume. In the pore-network approach, the porous media is represented as a 3D network of pipes. Flow rate and pressure drop in each branch are determined to find the bulk flow rate through this network (Lopez et al. 2003; Balhoff and Thompson 2006; Blunt 2001) and (Raoof et al. 2010) .
Pore-network methods provide feasible alternative to the direct 3D simulation, from one side accounting for the complexity of the geometry, and from another side working with simple geometry, such as pore bodies and pore throats. A number of papers are dedicated to using pore-network approach for simulation of generalized Newtonian flow in porous media, a representative set of such papers can be found in Table 1 below.
As it can be seen from the Table 1 , most of the papers use the so-called power law model. Power law model has a big advantage which is the easiness of obtaining an analytical solution for a pipe flow that significantly accelerates the computations in the pore-network algorithms. Despite the simplicity, power law tends to provide unrealistic values for the effective viscosity especially in the limits of zero and infinite shear rates. Having in mind that large and small flow rates through pore throats can coexist in a heterogeneous porous media, we are seeking for an approach which will provide better accuracy, but at the same time will not lead to an essential increase in the computational costs. It is known that Carreau model (2007) can predict accurately variation in the viscosity and thus can provide a more accurate solution for the flow physics in a single pore. The main contribution of this paper is to present a closed-form solution for the flow of Carreau fluid in a pipe, which allows for fast evaluation of the ratio between flux and pressure gradient. Using the results for a single pore, normalized Fanning friction coefficient can be calculated and plotted as a function of the newly defined Reynolds number based on pressure gradient. For the laminar flow, the improved chart provides direct variation in friction coefficient at a given pressure gradient and/or average flow rate for any pore size. In this way, we believe that our development will open the perspectives for using Carreau models in pore-network simulation, allowing at law computational costs to obtain more accurate prediction for a broad class of porous media flows.
In the laminar flow region, generalized Newtonian fluids behaves like Newtonian fluids as long as shear rate has no significant effects on viscosity. At higher shear rates, viscosity changes at some critical shear rate and flow deviates from the Newtonian behavior to the nonNewtonian behavior. While at very high shear rates, the apparent viscosity tends to be constant and named as "infinite-shear rate viscosity" μ ∞ . The two apparent viscosities (constant in the limit of zero and infinite shear rates) are properties of the generalized Newtonian fluids (Toms 1949) . To define an appropriate Reynolds number of a non-Newtonian fluid flows in a porous medium, the selection of a value for the viscosity is not straightforward. Therefore, Reynolds number at which flow changes its behavior from quasi-Newtonian to non-Newtonian depends on the rheological parameters of the generalized Newtonian fluid (Toms 1949) . Different rheological models have been developed to determine the viscosity of generalized Newtonian fluids at different shear rates such as power law, Carreau model, and Cross model (Chhabra 2007; Bird et al. 2002) . All these models use different parameters to fit the experimental data. Carreau model provides better predictions of the viscosity compared to the power law. However, Carreau model cannot be used to develop analytical solution. Instead, a numerical technique is used to determine the friction coefficient as a function of pressure gradient for non-Newtonian fluids.
Friction coefficient is a function of the applied shear stress at the pipe walls which is a nonlinear function of the strain rate in the case of non-Newtonian fluid flow. Shear rate and hence viscosity are not known at the pipe walls. Pressure drop due to walls shear stress can be estimated if we know friction coefficient. Dodge and Metzner (1959) used fanning friction factor f to model laminar pipe flow for non-Newtonian fluids. Their work relied on power law model and dimensional analysis. Because of the varying viscosity from the pipe center line to the walls, Dodge and Metzner (1959) developed a generalized Reynolds number and is given by
where K is the consistency factor, n is the index in the viscosity power law, and W denotes for the mean axial velocity. This Reynolds number will be used later in the results section as Re DM and friction coefficient versus Re DM will be presented. Similarly, Guzel et al. (2009) defined a new Reynolds number Re G obtained from averaging of local Re across the pipe cross-sectional area. Experimental work has also been conducted using different non-Newtonian fluids to determine friction factor at different Re G . Guzel et al. (2009) plotted Moody diagram for glycerin, carbopol, and xanthan solutions based on Reynolds number Re G . In this experiment, friction factor of the non-Newtonian fluids is slightly less below the Newtonian theoretical curve f = 64/Re G . While for turbulent flow different semi-theoretical models for friction coefficient of non-Newtonian flows are summarized by Garcia and Steffe (1986) .
Here, we aim to present an accurate solution of the generalized Newtonian fluid flow in a circular capillary representing a pore throat. The normalized solution is obtained irrespective of the physical dimensions of the pore. Carreau viscosity model (2007) has been used in this work. It is a realistic model and can predict correct profile of viscosity at all values of shear rates. However, it is not possible to develop analytical relationship for pressure drop and flow rate in a single pore using Carreau viscosity model. Instead, an iterative method is employed to solve the problem. Using the results of the flow velocity and pressure gradient, calculations of normalized fanning friction coefficient for a generalized non-Newtonian fluid flow are also preformed. The results are presented using a revised Reynolds number based on pressure gradient.
The organization of the paper is as follows. Mathematical model is presented in the Sect. 2. Section 3 presents the results and discussion of friction coefficient. In the end, conclusions are presented in Sect. 4.
Mathematical Model
In this section, an incompressible, laminar fully developed isothermal axisymmetric flow of generalized Newtonian fluids through a circular pipe is assumed. We used cylindrical coordinates (r * , z * ), where r * is the radial coordinate, and z * is the axial coordinate. Based on these assumptions, swirling velocity component is neglected. From the continuity equation and the no-penetration boundary condition at the pipe walls, we can deduce that radial velocity component is negligible for a fully developed pipe flow. Only axial velocity component w * is a function of the pipe radius.
The flow physics are described by Navier-Stokes equation with a shear rate-dependent viscosity. According to the given assumptions, momentum balance in the axial direction is written as
where p * = P * − ρg z is the reduced pressure term and has units of Pa, r * is the radius in meters, and w * is the axial velocity and has units of m/s. Equation (2) has been simplified more by non-dimensionalization. In Newtonian incompressible flows, reference length and reference time are enough for the non-dimensionalization of the governing equations. For generalized Newtonian incompressible flow, reference length, reference time, and reference mass are needed as basic variables for the non-dimensionalization of the above equation. Pipe radius a, zero-shear viscosity μ o , and reference velocity w o are chosen as reference variables. Equation (2) can be written in the non-dimensional form as
where r = 
It is clear that values of w o depend on the applied pressure gradient. For the case of Newtonian flow n = 1, w o is the local velocity at the pipe center line.
Equation (3) is subject to the following boundary conditions
and dw dr = 0.
Integrating Eq. (3) and applying boundary condition in Eq. 6 (zero-shear rate at the pipe center line) results in the following equation
This equation is nonlinear where the non-dimensional viscosity D is a function of the nondimensional shear rate dw dr as given by Carreau model (2007) . The model has two parameter that can be adjusted to fit the experimental data of the viscosity profile.
By Substitution from Eq. (7) into Eq. (8), we obtain the following algebraic expression for D
At each radius r , an iterative bisection method is used to find the roots of Eq. (9). For shear thinning flows, we used initial guess D 1o = 1, D 2o = 0, and for shear thickening flows, we used D 1o = 1, D 2o = 3 for better convergence. The velocity profile is obtained by integrating Eq. (7) for different viscosity parameters.
Trapezoidal rule is used to evaluate this integral as given by 
Results and Discussion
Laminar flows of Newtonian fluids in circular pipes are well understood. Usually, pressure drop can be estimated for laminar as well as turbulent flows at different Reynolds number using Moody chart (Shames 1994 ) and/or other theoretical models for friction coefficient (Guzel et al. 2009; Pinho and Whitela 1990; Garcia and Steffe 1986; Dodge and Metzner 1959) . For Newtonian fluids, molecular viscosity does not depend on the shear rate at a given pressure and temperature, while viscosity of non-Newtonian fluids depends on the shear rate. Moreover, shear rate is a nonlinear function of the applied pressure gradient as given by Eq. (2). Correct estimation of the viscosity is important to obtain accurate prediction of the flow rates due to certain pressure drop. Because of the sensitive nature of the power law, the results can vary drastically especially at low shear rates. Carreau viscosity model (2007) on the other hand predicts realistic viscosity in the limit of very low and very high shear rate. However, Carreau model cannot be used to develop analytical solutions for Eq. 2.
The 1D model presented in this paper has been validated with the 3D results using FLU-ENT software. The same Carreau model presented here has been used in the 3D simulation by implementing a user-defined function. In FLUENT simulation, parabolic velocity profile has been specified at the inlet and zero pressure at the outlet boundary condition. The effective pressure gradient from the 3D simulation has been determined and used as an input to the 1D model. Velocity profiles from the 1D and 3D models have excellent agreement as shown in Fig. 1a . Equation (9) has been solved iteratively to investigate the laminar flow of generalized Newtonian fluid in circular pipes of different sizes. Velocity profiles and volume flow rate are determined at any pressure gradient for shear thinning as well as shear thickening fluids. Based on the solution, fanning friction factor is calculated at different pressure drop values using Fig. 1 Validation of the 1D model at dp * dz * = 3.5617 × 10 7 Pa/m for pipe diameter d * = 5 µm. a Velocity profiles in a single pore and b velocity contours in a mid-plane passing through pipe center line
where W is the average flow velocity at the applied pressure gradient dp * dz * , and d * is the pipe diameter in meters. Friction coefficient in pipe flow is usually plotted and/or determined as a function of Re = ρW d * μ . It is observed in the Moody chart and in other models (Shames 1994 ) that μ does not depend on shear rate. For generalized Newtonian fluids, Dodge and Metzner (1959) and Metzner (1957) relied on power law to estimate the effective viscosity in the calculation of Reynolds number. Three different pipe diameters are used (0.05, 0.005, and 0.0005 m) which have the same length-to-diameter ratio ( L * d * = 15.0). These sizes represent typical pore diameter ranges in a porous medium. In Eq. (8), two parameters λ and n are varied to fit viscosity profiles of different polymeric solutions (Chenlo et al. 2010) where the values of zero-shear rate viscosity μ o , power law index n, and time constant λ depend on the polymer concentration. In our calculations, the values used for the Carreau parameters are λ = 0.01 and n = 1 for Newtonian, n = 0.5 for shear thinning, and n = 1.5 for shear thickening fluids. The zero-shear rate viscosity is set as μ o = 50.0 Pa s. Different values for λ have been used also to investigate the transitional behavior of the flow from the Newtonian to the non-Newtonian region.
To study the variation in friction coefficient with Reynolds number given by (1), we need to determine the corresponding power law consistency factors of the above Carreau parameters. These parameters have been used to plot viscosity profiles of these Carreau fluids. The power law consistency coefficient has been determined from these plots such that the viscosity profiles coincide with these of Carreau fluids in the power law regions such that Carreau and power law model represent the same generalized Newtonian fluids. Friction coefficient versus generalized Reynolds number Re DM is depicted in Fig. 2 . Friction coefficient of the shear thinning fluids varies in a fashion similar to the Newtonian fluids for Re DM ≥ 1.0. It is observed that by plotting friction coefficient versus generalized Re DM , the Newtonian behavior of the flow at low Reynolds number cannot be visualized. Instead, this figure presents Fig. 2 Friction coefficient versus Reynolds number defined by Dodge and Metzner (1959) a remarkably different picture and seems quite counterintuitive. One would expect that the lines for non-Newtonian and Newtonian fluids merge or follow same slope at lower values of Re DM and at higher values differences may start to appear. However, the friction coefficient of shear thickening fluids behaves differently compared to the Newtonian fluids at low values of Re DM . While at Re DM > 1.0, the slope of the line for the shear thinning fluids is same as that of the Newtonian fluids (green line). Therefore, another definition of Reynolds number is needed to present the correct behavior of friction factor.
From the above non-dimensionlization of (2), it can be noticed that the reference velocity w o , as given by (4) The Reynolds number Re = ρW o D * μ o can be written in terms of pressure gradient as
The calculated friction coefficient is now plotted versus the Reynolds number for three types of fluids (n = 0.5, n = 1.0, and n = 1.5) in each pipe as shown by Fig. 3a . The calculations of flow parameters have been performed in three different pipes (i.e., three different radii) of the same length-to-radius ratio L a = 15. For the same pressure drop, the reference velocity can be scaled linearly with the pipe radius as given by (4). In Eq (4), the pipe radius a has a power of 2 while the pressure gradient has a scaling factor of (1/a) for the same pressure drop. Therefore the scaling factor the reference velocity w o is the pipe radius a. From the definition of Reynolds number in (13), the scaling factor is (a r /a) 2 , where a r = 0.0005 m. From Eq. (12), the scaling factor of the Friction coefficient is (a/a r ) 2 . All the curves presented in Fig. 3a can be merged into a single curve (for n = 0.5, n = 1.0 or n = 1.5) by using these scaling factors as shown in Fig. 3b that provide a general closed-form solution for any pore size. This figure shows that the friction coefficient of Newtonian fluids (n = 1) has a slope equal to −1 as known for Newtonian fluids. Friction coefficients of The non-Newtonian behavior at high Reynolds number is captured also where the curves of the shear thinning and shear thickening fluids deviate from that of the Newtonian curve. The plots of Fig. 3b can be scaled to different pore-throat radii using these scaling factors and used to determine the pressure drop due to certain flows rates in a pore-network model or in a bundle of tube model. For the assumed generalized Newtonian fluids, it is found that the viscosity is nearly constant and equal to the zero-shear rate viscosity μ o up to Reynolds number Re ≤ 10 −4 . This observation is confirmed by Figs. 5a and 6b . The viscosity is almost constant along the radius, and velocity profiles resemble a parabolic shape as seen in the case of Newtonian fluids.
As noticed that the non-Newtonian fluids exhibit "pseudo-Newtonian" behavior at low shear rates. At certain critical shear rate, flow of a generalized Newtonian fluid deviates from the Newtonian behavior. The deviation from the pseudo-Newtonian to the non-Newtonian nature can be captured when the apparent viscosity at the pipe wall changes by 10 % of the zero-shear rate viscosity. The reference shear strain rate is defined as the ratio of the reference velocity to the pipe radius γ * = w o a . The critical reference shear strain rate is the reference strain rate at which flow changes its behavior from Newtonian to non-Newtonian. An expression for the critical reference shear strain rate is
where
is the critical pressure gradient.
It is observed that the deviation from the pseudo-Newtonian behavior to the nonNewtonian behavior based on γ * depends on the fitting parameter λ used in the Carreau model. The variation in the γ * c with the fitting parameter λ is depicted in Fig. 4 for shear thinning fluid as well as shear thickening fluid. The differences between the two curves in this figure are noticeable. The advantage of this figure is to separate the pseudo-Newtonian flow regime (below both curves) from the non-Newtonian flow regime (above both curves). It is At higher Reynolds number, viscosity of the generalized Newtonian fluids is changing with the radius because of the high shear rates as depicted in Figs. 5a and 6b (blue curves). And it corresponds to the deviation of friction coefficient from the Newtonian case in Fig. 3b . Friction coefficient for the case of shear thinning (n = 0.5) is much less than that of the Newtonian case because of lower values of viscosity at the pipe walls. While friction coefficient for the case of shear thickening (n = 1.5) is higher than that of the Newtonian case due to higher viscosity at the pipe walls.
It is useful also to plot the variation in friction coefficient versus the reference shear stain rate γ * . Friction factors for (n = 0.5 and n = 1.5) are plotted against γ * as shown in Fig. 7a for the three different pipe diameters. The flow of the non-Newtonian fluids behaves similar to that of Newtonian fluids up to a certain reference shear rate, for instance γ * = 32.0 for λ = 0.01. A further increase in γ * shall lead to completely non-Newtonian behavior of flow. This compliments the findings presented earlier that the variation in flow behavior from pseudo-Newtonian to fully non-Newtonian depends on the critical value of γ * , which depends 
Conclusion
Fully developed flow of generalized Newtonian fluids (shear thinning and shear thickening) in a circular pipes on the order of pore scales has been investigated. Friction factor has been plotted against a new definition of Reynolds based on the pressure gradient. Flow of generalized Newtonian fluids in circular pipes behaves like Newtonian ones up to a certain Reynolds number where very low variation in viscosity along pipe radius is observed (μ ∼ = μ o ). At higher Reynolds number, viscosity varies from the zero-shear rate to its lowest and/or highest values on the pipe wall for shear thinning and thickening fluids, respectively. Therefore, lower friction coefficient for the shear thinning than that of Newtonian fluids is observed and higher friction coefficient for the shear thickening fluids. The paper provides a simple graphical relationship to determine friction coefficient versus pressure gradient of generalized Newtonian fluid flows in circular capillaries. This relationship allows for more accurate calculation of pressure drop due to certain flow rate in a bundle of tubes or porenetwork models that represent a particular porous medium.
